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Abstract. In this paper, we show that for a symmetric tensor, its best symmetric rank-1 ap-
proximation is its best rank-1 approximation. Based on this result, a positive lower bound for the
best rank-1 approximation ratio of a symmetric tensor is given. Furthermore, a higher order poly-
nomial spherical optimization problem can be reformulated as a multilinear spherical optimization
problem. Then, we present a modified power algorithm for solving the homogeneous polynomial
spherical optimization problem. Numerical results are presented, illustrating the effectiveness of the
proposed algorithm.
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1. Introduction. A real m-order n-dimensional square tensor A is a multidi-

mensional array consisting of n™ real entries a;, ,;,, € R, where i, = 1,...,n for
k=1,...,m. Tensor A is said to be symmetric if its element a;,;,  ;, is invariant
under any permutation of indices (i1,42,...,%m,). Symmetric tensors arise in higher

order derivatives of smooth functions, moments, and cumulants of random vectors
and have wide applications in signal and image processing, blind source separation
(BSS), statistics, investment science, and so on; see [1, 8, 17, 18, 26] and references
therein.

A tensor is said to be rank-1 if it can be expressed as an outer product of a
number of vectors. Specifically, if these vectors are all equal, then the tensor is
called a symmetric rank-1 tensor. Given an m-order n-dimensional square tensor
A, rank-1 tensor B = Az(™ ... 2("™) is said to be its best rank-1 approximation if
it minimizes the least-squares cost function || A — BJ|p over the manifold of rank-1
tensors. Similarly, symmetric rank-1 tensor C = uz™ is said to be the best symmetric
rank-1 approximation if it minimizes the least-squares cost function ||.A — C||r over
the manifold of symmetric rank-1 tensors. From optimization theory, B and C can be
obtained by solving the optimization problems

A= max ‘Ax(l)x(Q) . $(m)‘
(1) @), z(m) eRn
s.t. lz@|| =1 for i=1,2,...,m,
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and
=u(A) = max |Az™
@) 1= p(A) max | Az™|
st ol =1,
respectively.

The best (symmetric) rank-1 approximation to higher order (symmetric) square
tensors plays important roles in theory and arises from many applications such as
analytical BSS and deflation procedure; see, e.g., [2, 4, 6, 12, 33, 35].

Throughout this paper, and unless otherwise specified, A is symmetric. For the
case that m = 2, A is a symmetric matrix so A will be the largest singular value
of A and p will be the largest eigenvalue in magnitude of A, which implies that
A = |p|. Therefore, the best symmetric rank-1 approximation to A is its best rank-1
approximation when m = 2. For the case that m > 3, there is a remarkable difference
between matrices and tensors. In [11], the author gave a counterexample, Example 3,
to show that the best symmetric rank-1 approximation to a symmetric tensor is not
necessarily its best rank-1 approximation. However, tensor A = xyz + zay + yzx
related in Example 3 is not symmetric. This assertion had been cited in [21], etc.
Thus, it was still unknown if the best symmetric rank-1 approximation to a symmetric
tensor is its best rank-1 approximation or not.

Recently, in [21], the authors showed that when m = 4 and n = 2, the best sym-
metric rank-1 approximation to a symmetric tensor is its best rank-1 approximation.
In [36], it was shown that the conclusion is also true for m = 3 and any n.

More recently, in [27], the best rank-1 approximation ratio of a tensor space was
introduced. A positive lower bound of the best rank-1 approximation ratio of a tensor
space gives a convergence rate for the greedy rank-1 update algorithm. A conjecture
(Conjecture 1) was given in [27] that the best symmetric rank-1 approximation to
a symmetric tensor is its best rank-1 approximation for m > 4 and any n. If this
conjecture is true, then a positive lower bound can be given for the best rank-1
approximation ratio of a symmetric tensor space of order m for m > 2.

In this paper, we will prove that this conjecture is true for general cases.

On the other hand, the spherical homogeneous polynomial optimization problem

pp— 3 m
@) p1= min Az
st. |zl =1

is a fundamental model in optimization, closely related to problem (2), and p; is the
smallest Z-eigenvalue of tensor A; see [1, 26, 29]. As such, it is also widely used in
practice, for example, in signal and image processing, investment science, and material
sciences; see [3, 16, 22, 32]. The polynomial optimization problem (3) is NP-hard when
m > 3; see [5, 15, 20, 36]. Some polynomial time approximation methods for solving
it were proposed; see [5, 15, 31, 36] for details. Therefore, the search for efficient
algorithms for the polynomial optimization problem has been a priority for many
mathematical programming researchers. Many solution methods based on nonlinear
programming and global optimization have been studied and tested; see, e.g., [25,
28, 29]. The power algorithm is one of the important methods and was successfully
extended to compute the best rank-1 approximations to higher-order tensors; see, e.g.,
[6, 7, 12]. Another different approach based upon the so-called sum of squares (SOS)
was also proposed by Lasserre [9, 10], Nie [23], and Parrilo [24]. For more details, we
refer to the excellent survey by Laurent [13].
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Our paper is organized as follows. In section 2, we prove that the problem (1)
has always a global optimal solution z(!) = ... = z("™) by induction. That is, the
best symmetric rank-1 approximation of symmetric tensor is always its best rank-1
approximation. We also give a positive lower bound for the best rank-1 approximation
ratio of a symmetric tensor space of order m for m > 2. In section 3, by applying the
obtained result, (3) is reformulated equivalently as a multilinear optimization problem
over unit spheres. Based on this reformulation, we propose a modified power method
for solving (3). Some numerical results are presented in section 4.

Some words about the notation. Throughout this paper, we denote the space of
symmetric m-order n-dimensional tensors by Sym™ (R"™) and

.A = (ail---im)lgih...,imgn S Symm(ﬂ“ﬁ")

is a nonzero tensor. And for any positive integer k with & < m and any z(®) € R®",
s=1,...,k, we denote Az} ...z*) ¢ Sym(m_k) (R™) whose (ig+1,-..,%m)th entry
is

Lo ) R C NN ()
(A(E X i i B au...lklk-%—l"'zmxil xik '
ket 1ebm 1<iy,..,ix<n

k)

Specially, if z(1) = ... = 2*) = 2, we denote Az¥ = Ag---z.
e —

k

2. The best rank-1 approximation of a symmetric tensor. In this section,
we consider the relationship between the best rank-1 approximation and the best sym-
metric rank-1 approximation of a symmetric tensor. We show that the best symmetric
rank-1 approximation to a symmetric tensor is its best rank-1 approximation, which
can be stated as follows.

THEOREM 2.1. Suppose that A € Sym™(R™). Then the problem (1) has always
a global optimal solution satisfying xV) = ... = (™) j.e., the best symmetric rank-1
approzimation to A is its best rank-1 approximation. This implies that the optimal
objective function values of (1) and (2) are the same.

This theorem shows that Conjecture 1 of [27] is true.

We prove this theorem by induction on m. For the case that m = 2, Theorem 2.1
is true from the well-known Eckart—Young theorem. For the case that m = 3, The-
orem 2.1 holds; see [36]. In subsection 2.1, we show that if m is even and such a
conclusion holds for all [ with 2 < < m — 1, then such a conclusion holds for m. For
the case that m is odd, we in subsection 2.2 show that if the conclusion is true for
all [ with 2 <1 < m — 1, then such a conclusion is also true for m. Combining these
results together, we have Theorem 2.1.

2.1. Proof when m is even. In this subsection, we discuss the result for which
the related symmetric tensor A is of even order.

THEOREM 2.2. Suppose that m is even. Assume that Theorem 2.1 is true for all
l-order symmetric tensor A with 2 <1 <m — 1. Then, Theorem 2.1 is also true for
m-order symmetric tensor A.

Proof. Let m = 2k. Assume that (z(1, 23 ... 2(™)) is an optimal solution of
(1) with optimal value A > 0. Let B = Az(Mz(® ...2®) Then B € Sym™ " (®™).
It is easy to see that (z(*+1) z(k+2)  2(m)) is an optimal solution of

max ‘Bx(k+1)$(k+2) e ﬁC(m)‘

(4) st. ||lz@| =1, for i=k+1,k+2,...,m,
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whose optimal value is still \. From the assumption, we know that there exists a unit

vector y € R™ such that (y,y,...,y) is an optimal solution of (4). That is, we have
k Y

A= |By”|. k

For the fixed y, let C = Ay®. Then there exists an optimal solution (z,z,--- , )
of
k

max  |CoWa® ... 4h)
(5) 0] — L
st 2] =1, for i=1,2,... k.

It is easy to see that |(Ay*)2*| = A, which means that (z,z,...,z,v,y,...,y) is also
—_———

k k
an optimal solution of (1). If z = —y, then (z,z,...,x) is an optimal solution of (1),
——

m
and the assertion holds. We now assume x # —y and discuss the conclusion in two
cases.
Case 1. Az*y* > 0. Then Az*y* = \. Moreover, by the optimality condition of
(1), we have

Ak tyk =z,
Aztytot =y,

which implies that

Moz = Ayv
MOZJ = Aﬂf,

where My = Az*"'y*~!'. By this we know that z + y # 0 is an eigenvector
of My, associated with the eigenvalue A. Hence, it holds that (z + y)" My(x +
y)/llz + yl|> = A\, which implies AzF~1y*=1( 214 )2 — X\ Consequently, we know

lz+yll
that (%, T,...,x, ”i—iyn, Y,--.,y) is also an optimal solution of (1). Furthermore,
Yl < , Il 4
k—1 k—1
by letting M; = AxF~2y+=2( IIiigH )2 and considering the optimality condition of (1)

again, we know that = + y is also an eigenvector of M; associated with the eigenvalue
A. Hence, we have (z +y)" Mi(z +y)/|lz + y||*> = A, which means that

k=2 k-2 TtY !
Az "%y =A
|z +yll

r+y
llz+yll

By repeating this procedure, we have A(
holds.

Case 2. AzFy* < 0. Then AzFy* = —\. By considering the optimality condition
of (1), it holds that

)™ = X and know that the assertion

AxF=tyk = Xz,
Axhyr =t = =y,

which can be rewritten as

Moz = _)\ya
MOy = _)\xa

where My = Az*~1y*~1. Moreover, by a similar way to that used above, we can show

that A( ﬁ)m = —X\ and know that the assertion holds.

By combining the two cases above, we complete the proof. a
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2.2. Proof when m is odd. In this subsection, we discuss the case that A is
an odd-order symmetric tensor. The procedure of the proof will be different from that
of Theorem 2.2. In [36], it was shown that Theorem 2.1 holds when m = 3. In this
subsection, we generalize the proof for m = 3 to the general odd-order case.

Now we are ready to propose an algorithm to obtain an optimal solution of (2)
from an optimal solution of (1) for general odd m. This algorithm is a generalization
of Algorithm 2.1 in [36]. For convenience of notation, let m = 2k + 1 with integer
k> 0.

ALGORITHM 2.1.

e Initial Step: Input symmetric tensor A and an optimal solution

(2@, ..., 2@ O 0)

k k+1

of (1) with (x(®)T2©) > 0. Let p=0 and q, = k.
o Repeat Step: If ) = 2(P) stop; Otherwise, let

p+1) _ w(p)Jrz(p) p+1) _ P : _

gt = Te @ =) 2(PH1) = 5 (P), if 2¢, < (m—2g,),
p+1) _ (p p+1) 2(P) 4, () .

2+l — ( ), 2(p+1) — EoE=oIE otherwise.

Let gp11 = min{2q,,m — 2¢,} and p:=p+1.
Remark 2.1. From the proof of Theorem 2.2, (x(p), oz ) .,z(p)) is

dp m—dqp
always an optimal solution of problem (1) for all p. Furthermore, from the above
procedure together with the parallelogram law, it holds that

(24D, (1)) = %(N/);Xp)),

where m denotes the angle between vectors a and b.

Now we are ready to show Theorem 2.1 with a tensor of odd order.

THEOREM 2.3. Suppose that m = 2k + 1 and Theorem 2.1 holds for all l-order
symmetric tensors A with 2 < I < m — 1. Then there exists x* € R" such that
(z*,...,2") is an optimal solution of (1).

———

m
Proof. We prove the result in two cases. If Algorithm 2.1 terminates in finitely
many steps, then there exists p such that z® = z()_ Since (x(p), o x® e ,z(p))

ap m—qp
is always an optimal solution of (1) from Remark 2.1, we know that the conclusion
holds by letting a* = z®).

Suppose that {(z(®), 2(P))} is the infinite sequence generated by Algorithm 2.1. Let
(z*, 2*) be an accumulation point of {(z(®), z(”))}zozl. As a consequence of Remark 2.1,

x* = z*. Hence, we assert that (z*,...,2") is an optimal solution of (1). So we have
———
m
the desired result and complete the proof. d

2.3. An application: A positive lower bound for the best rank-1 ap-
proximation ratio of a symmetric tensor space. Asin [27], for A = (a;,. 4, ) €
Sym™(R"), ||A| is defined by

n

M= > @k .

B1ynenyim =1
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The best rank-1 approximation ratio of 7™ (R") is defined as

(6) App(Sym™ (R"™)) = max {cr co < % VA € Sym™(R"), A# (’)} .

As stated in the introduction, a positive lower bound of App(Sym™(R")) gives a
convergence rate for the greedy rank-1 update algorithm in Sym™ (™). For more
discussion on this, see [27].

By Theorem 2.1 of this paper and Theorem 3.1, (2.4), and (2.5) of [27], we have
the following theorem.

THEOREM 2.4. For any integer m > 2, we have

1

nm—l'

App(Sym™ (R")) >

This shows that Conjecture 2 of [27] is also true.

3. The related polynomial optimization problem over the unit sphere.
In this section, we apply Theorem 2.1 to the homogeneous polynomial optimization
problem, which is closely related with (2) and has the following form:

@ Foini= I, T = Ao
st z| =1,

where 0 # A € Sym™(R"™). It is clear that if m is odd, then |fumin| = |fmax| =
max| (=1 |f ()], where fiax is the maximum value of (7). Therefore, by Theorem 2.1,
it is easy to see that when m = 2k + 1, the problem (7) and the following multilinear
optimization problem

min gz, 2m) = Az ... z(m)
(8) ), z(m) eRn ‘
s.t. lz®@|| =1 fori=1,2,...,m

have the same optimal value and fp,;, < 0.

However, the equivalence described above does not hold when m = 2k. For
example, if the tensor A in (7) is positive semidefinite (see [26]) and A # 0, then
fmin > 0 whereas the optimal value of (8) is negative. For this case, we consider

Pin = min  h(z) = f(z) — a(z"z)*
TER™

st |zl =1,

9)

where a is a large real number such that f(z) < a(z " z)¥ for any x € R with ||z|| = 1.
It is clear that hpyin = fimin — @ and |[Amin| = @ — fmin- Consequently, it holds that

(10) [Amin| = max (o — f(z)) = max |h(z)|.

llzll=1 llzll=1

Let B be the 2k-order n-dimensional identity tensor such that Ba™ = (z"x)*,
which appeared first in Property 2.4 of [7]. Therefore, problem (7) can be reformulated
as follows

min  h(z) = (A — aBB)z™
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when m is even. Consequently, by (10) and Theorem 2.1, we know that if m = 2k,
the optimal value of problem (7) can be obtained by solving the following multilinear
optimization problem

hmin = in (A — aB)x(l) - x(m)
). x(m)cRn

s.t. 2@ =1 fori=1,2,...,m.

Remark 3.1. Here, « is adopted to ensure the equivalence between above two
spherical optimizations so that the problem can be solved via solving the multilinear
program. However, a adopted in [7] is used to force max||,|—=1 (A + aBB)2™ concavity
and consequently guarantee convergence.

From the discussion above, we have the following theorem.

THEOREM 3.1. The optimal value of the spherical polynomial optimization prob-
lem (7) can be obtained by solving a related multilinear spherical optimization prob-
lem.

Remark 3.2. How can one choose a suitable o such that [Amin| = maxz =1 |h(z)]?
In fact, this can be obtained based on the estimation of the largest value of f(z) over
the unit sphere. It is clear that f(z) < Y ;. < |Aiis.. i, | for any unit vector
z. Therefore, if we take a =37, .~ [Aiis.q, |, then Theorem 3.1 holds.

In the rest of this section, we continue to study how to solve the homogeneous
polynomial optimization problem (7) based upon the multilinear program (8). As
mentioned above, if m = 2k, we can replace A by A — aBB with a suitable positive
number «. Therefore, without loss of generality, we assume that (7) and multilinear
program (8) have the same optimal value. In spite of this, they do not have the
same optimal solution set. Motivated by this, we consider the following optimization
problem:

= i (1) (M) = Az@) . gm) S (YT 5()
(11) @min 1(1)7,,?;1(131)€§Rn gz, . 2m) = Az x ZZZ:Z(QJ V'
s.t. |z || =1 fori=1,2,...,m.

For the relationship between (7) and (11), we have the following result.

PROPOSITION 3.1. It holds that qmin = fmin — (M — 1) and the optimal value ¢min
of (11) is attained at V) = ... = (™),

Proof. 1t is easy to see that

Gmin > min Agj(l) ce Qf(m) _ (m _ 1)
=@ |=1,.... 2™ ||=1
= min Az™ —(m —1)
= fmjn - (m — 1)

On the other hand, since any (z,z,...,z) € ™ x --- x R"® with [|z|| = 1 is feasible
for (11), it holds that m

Gmin < |\%i91 [Axm —(m — 1)xTx} = fmin — (M —1).

Hence, the desired conclusion holds. 0

To establish the monotone convergence in the sense that the objective function
value of the iterative sequence are monotone when the iterative points are different, the
global line search approach has been developed and used recently; see [14, 30, 34]. Now
we are ready to propose a modified power method for (7) by solving the optimization
problem (11). Furthermore, as presented in Theorem 3.2, the proposed algorithm is
also monotonic convergence.
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ALGORITHM 3.1.
o Step 0: Let (29 220 gm0y ¢ ®n x ... x R with ||z0)| = 1 for

i=1,...,m be an initial point such that q (x(170),x(2’0), . ,x(m70)) < 0. Let
l=0.
e Step 1: Let

Am(2,l) (m,l) _ Z T (3,0)
2D —

HAx(z,z) gy f: L)

=2

Fori=2,...,m, let

AL L g G= L) LD g md) _ (1141
[ Az (D) LD LD () — (L]

LG4 —

Zf Ax(lJJrl) _._x(ileJrl)x(iJrlJ) _._x(mJ) _ $(17l+1) 75 0 and x(i,lJrl) — x(i,l)
otherwise.
e Step2: If a certain convergence criterion is satisfied for (x(MHD . p(ml41),
then stop. Otherwise, letl :=1+ 1, and go to Step 1.
Remark 3.3. From q(z™19, ... 20™09) < 0 and the decreasing of {q(z(*V, ...,
2(™D)} which will be seen in the proof of the next theorem, it holds that

m T
(Axw glm) Z 30 x(u)) CR) R
1=2

for any | = 1,2,.... Hence, Az(ZV ...gmD 5™ 4D o () which indicates that
Algorithm 3.1 is well defined.

It is clear that the sequence {(z(t0 20 . . 2(mD)1ec = generated by Algo-
rithm 3.1 is bounded, hence there exists an accumulation point. Now we are ready
to state and prove the convergence of Algorithm 3.1, which shows that the whole
generated sequence converges to a KKT point of (11) under some conditions. To this
end, we need the following proposition which has already been shown by Moré and
Sorensen [19].

PROPOSITION 3.2. Assume that w* € R° is an isolated accumulation point of
a sequence {w®} C R° such that for every subsequence {w®}g converging to w*
there is an infinite subset K C K such that {||w®**Y —w® ||}z — 0. Then the whole
sequence {w®} converges to w*.

THEOREM 3.2. Let {(x(10, 220 . 2(mD)1°  be a sequence generated by Algo-
rithm 3.1. Then the sequence {q( {a, l (2 D,... x(m D)Yoo | is monotone convergence.
Furthermore, suppose that the sequence {(a:(1 D, e (MDY has an isolated
accumulation point. Then the generated sequence converges to a KKT point of (11).

Proof. For convenience of notation, let

m

q=q (3;(1,1)7 L x(m,n) — A0 g (mD 37 (g (D) T D),

=2
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Then there holds

g = (@00)T (Axw,l)... (mad) _ szl))

> — HAx(Zl) e p(mil) wa)
(12) (1,1+41) T (2,0) (m,1) - (3,0)
:(x’ ) Az'=t gt —Zx“
— ApLHD 2D L mD) Z ( a, z+1)) (i,1)
1=2
=q (x(Ll“),x(z’l), oz l)) )
Furthermore, for i = 2, ..., m, we consider two cases:
(i) Az (D) (=L g (41D g (mal) g (LI+1) £
(11) .AZII (1,141) . (i—l l+1) (i+1,0) | (m ) _ (1 I+1) _ =0.

For case (i ) it holds that
Ag(LHD) g (=L gD (LD g ()T i)
= _||A$(11l+1) e x(i_lvl+1)x(i+1>l) “e x(m’l) — x(lal""l) ||
S (x(z>l))—r (Ax(1>l+l) N x(i_lvl+1)x(i+1>l) N x(m’l) — x(lal""l))

— ALY L (=1L (60 (LD L p(mil) (%<1,l+1>)T 200

Therefore,
q( (L) =L))o 1D) 7x(m7l))

_ .A:E(l l+1) (= LI1) (d41) (4 10)  (ml)

- Z( a, z+1))T (m(j,l—i-l)) _ ($(1,1+1))T$(i,z+1) _ zm: (x(l,l—i-l))—r (x(j,l))

j=i+1
< Am(l,z+1> e gL (D) (L) L (mD)

(YT g6 S (i) (G50 N ()T (60
(a0) a0 =3 () (@0) = 30 (o) (a00)

=2 j=itl
_ 1,i+1 i~ 1041) (D) (i1, j)
q (aWHD g ELD G0 (LD [ g (m )),

which indicates, together with (12), that for any ! and ¢,

Q1 < q (x(l’H'l), R G e s VR CRE S DI S RO N ’x(m,l))

(13) S 1R N G R P CORM S R NP D)
For case (ii), it is clear that (13) holds, since (1) = 250,
So we can assert that {¢;} is decreasing, which implies, together with the fact that
{q:} is bounded, that {¢;} converges. The monotone convergence of {¢;} is proved.
Without loss of generality, we assume that lim;_, o ¢ = g«.
Since 0 > g > —||AzZD ... gD 5™ 2@D|| > g4y, we have

lim
l—00

Az gl _ 3 i)
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Furthermore, it holds that

A0z . pmd) _ $ (00) T (560)

(CC(M))T (x(17l+1)) - _ H i=2 _

Az@D . gm) 32 i)

=2

= a —1

_ HAx(z,z) e gmid) _ f: 2 0d)

=2

when | — oo, which means that lim;_, . [|[z(" — (LD || = 0.

Let (z(%), ..., x(™*)) be an isolated accumulate point of {(z(1V, ... z(mD)}ee .
For every subsequence {(x(l’l)}lGK converging to z(1*), the condition in Proposi-
tion 3.2 holds. Hence, by Proposition 3.2 we know that the whole sequence {x(“)}}ﬁl
converges to z(1*) as | — co.

Now we are ready to show the convergence of {a:(zvl)}}ﬁl. Without loss of gener-
ality, we assume that z(>!+1) £ (20 By Step 1 in Algorithm 3.1, we have

A$(1’l+l)$(2’l+l)$(3’l) . x(m,l)
— (DT D) HAa:(”“)a:(g’l) L p(miD x(1,1+1)H :

which implies that

g (2L @D GG gm)

_ HAx(l,lJrl)x(B,l) g _ $(17z+1)H _ Z (x(l,lﬂ))Tx(m)'
i=3
Consequently, it holds that
(14)

T

[AzGHDZED gD — g LHD]]

g (z0HD @D 3G pmD) 4 i (x(l,l+1))Tx(i,l)
=3

[AzLHDZGD . gD — LD |

g (WD g G0 GO pmb) 4 i (x(17l+1))Tx(i7l)
=3

q (x(l,l+1)’$(2,l+1)7 x(3>l), o 7x(m,l)) 4 i (x(1>l+1))T 2(i.0)
i=3

For every subsequence _{x@’l)}le}( converging to z(>*) there exists an infinite
subset K C K such that {z(*!},.z converges for every i = 3,...,m, since {z("V},cx
is bounded. Furthermore, by (13) it holds that

lim ¢ (x(l’l“) PACIDNN x(m’l)) = lim ¢ (x(u“) 2D G0 x(m’l)) = (4.
[4)00 b b) b l*)OO b b b) b
Thus, by (14) we know
-
(15) {(x@’l*l)) xW)} 1,
lIeK
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and hence {[lz!*) — 22D ||}, . — 0. Consequently, by Proposition 3.2 we assert
that the whole sequence {z(>D}> converges to z(2*).

Similarly, we can prove that lim;_, (") = 2% for every i = 3,...,m. Conse-
quently, by Step 1 in Algorithm 3.1 we have

Az@9) . plmes) Z S pi0) 4 xxg(l0) —

=2
(16) A.T(L*) e x(i717*)x(i+1;*) Ce x(m7*) — .T(L*) _|_ A;ﬂr(“*) — 0
fori=2,3,...,m,

||x(i’*) =1 fori=1,2,...,m,

where A} = [|[AzZ*) ... g0m*) 5™ 29| and

A= H.Ax(l’*) gL g (WOl for j =2, m.

By (16), we assert that (z(1*), ... 2(™*)) is a KKT point of problem (11). O
Although the global optimal solution cannot be guaranteed by Algorithm 3.1,
some good solution can be obtained if a good initial point is chosen.

4. Preliminary numerical results. In this section, we report some numerical
results to illustrate the algorithm for solving problem (7) based upon the problem
(11). In our numerical experiments, we take

A (LD 201 L (mid 1) g0 (L0 (20 L mid)| - 19—6

as the stopping criterion for Algorithm 3.1. And for Example 4.1 and Example 4.2, the
vector (z(1:0) ... z(m0)) in Step 0 of Algorithm 3.1 is taken by the scheme HOSVD
proposed in [12]. Throughout this section, for cases in which m is even, we take a =
Dt imviny =1 [Airiz..in, | in (9) and the symmetric tensor B satisfying Bx™ = ||| % .

Ezample 4.1. We consider the problem max); =1 Az*, where A is a 4-order
3-dimensional symmetric tensor A with entries

Ai111 = 0.2883, Aj112 = —0.0031, Ay113 = 0.1973, Aqj129 = —0.2485,
Ai123 = —0.2939, Ay133 = 0.3847, Ai200 = 0.2972, Aq293 = 0.1862,
Aq233 = 0.0919, Aizzz = —0.3619, Asg09 = 0.1241, Aoooz = —0.3420,
Asoszz = 0.2127, Asszz = 0.2727, Aszzz = —0.3054.

This example comes from [6], and its optimal value fi.x = 0.8893 was obtained
in [7]. Let C = A+ al3 with o = 18.5540. Then by Theorem 3.1, the original problem
can be converted into the following multilinear optimization problem

hmax = max Cx) ... @)
oW,z eRd
5.t @) =1fori=1,...,4.

Since fiax = 0.8893, y to know that hpax = 0.8893 4+ o = 19.4433. We apply HOPM
proposed in [6] to the multilinear optimization problems with A and C, respectively.
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We apply SHOPM proposed in [6] to the original problem and max =1 Cz*, respec-
tively. Notice that SHOPM for max ), Cz* is equivalent to the SSHOPM in [7].
We also apply Algorithm 3.1 to the following optimization problems:

4
m(l),.r..rf&()eﬁs Awtt) 2l i;(x(l))TgC(l)
s.t. [z =1fori=1,...,4
and
max  CaM.eog® 43 (z(0)T 40
(D), xR =2
s.t. lz@|| =1fori=1,...,4.

The numerical results are presented in Figure 4.1 and Figure 4.2, respectively. The
curves in Figure 4.1 depict the values of the function Az ...z at every iterative
point generated by HOPM, SHOPM, and Algorithm 3.1, and the curves in Figure 4.2
depict the values of the functions Az ... 2(®) at every iterative point generated by
applying three algorithms to solve the optimization problem with C.

From Figure 4.1, we see that for the optimization problem with A, the objective
value obtained by HOPM is larger than the objective value obtained by Algorithm 3.1.
However (1) = ... = 2™ does not hold for the solution obtained by HOPM. In fact,
from Table 3.1 in [7], we can see that the value obtained by HOPM is the absolute value
of the minimum value for the original problem, which is max|,| = | Az*|. Moreover,
from these figures, we can see that objective value obtained by Algorithm 3.1 always
improves the value obtained by SHOPM within less steps.

By comparing Figure 4.1 with Figure 4.2, we can see that three algorithms are
more suitable for solving the optimization problem with tensor C, which can be seen
from Table 4.1 too, where T' denotes the related tensor, (55(1), A CON 15(4))—r denotes
the obtained final iteration, f denotes the value AZ(" - - z(*) of the objective function
at the final iteration, and Nit denotes the total number of iterations for solving this
problem.

Ezample 4.2. We consider the problem min ;-1 Az3, in which the 3-order 3-
dimensional symmetric tensor A is defined by

Aj11 = —0.1281, Aj12 = 0.0516, Ai13 = —0.0954, Aj90 = —0.1958,
Ajoz = —0.1790, Ai33 = —0.2676, Asee = 0.3251, Asoz = 0.2513,
Aozz = 0.1773, Aszszz = 0.0338.

From [7], we know that fuin = —0.8730. We applied SHOPM, HOPM, and Algo-
rithm 3.1 to solve the original problem or the corresponding multilinear optimization
problems and ran 500 trials with initial points generated randomly. The test results
are listed in Table 4.2, where SR denotes the success ratio in the tested problems,
i.e., the occurrences ratio that the optimal value fii, is arrived, and AIN denotes the
average iterations numbers in methods for the successful cases.

From Table 4.2, we see that SR obtained by Algorithm 3.1 is clearly larger than
those obtained by the other two algorithms.

Example 4.3. Consider the problem min,(—; Az with the 3-order n-dimensional
tensor A whose entries are uniformly distributed in (0, 1).
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——— SHOPM
= = = Algorithm 3.1
------ HOPM
-0.5 J
|
1 . . .
0 50 100 150 200
Iteration Step
Fia. 4.1. Numerical results of Example 4.1 for tensor A.
5 T T T T
of ”‘/‘—_—, E
5} - 4
-10F -
SHOPM
— — = Algorithm 3.1
T HOPM |
_20 . . . .
0 10 20 30 40 50

Iteration Step

Fic. 4.2. Numerical results of Example 4.1 for tensor C.

TABLE 4.1

The test results of Example 4.1 by SHOPM, HOPH, and Algorithm 3.1.

T Algorithm f zD z® z® z® | Nit
A SHOPM 0.7420 (0.8412,0.2635, 0.4722) @D z@® zM | 201
HOPM 1.0954 | (0.5915, —0.7467,—0.3044) | —z@ | —z | —z(D | 12
Algorithm 3.1 | 0.8169 | (—0.8412,0.2635,—0.4722) | z® | z@M [ z® [ 10

C SHOPM 0.8893 | (0.6672,0.2472, —0.7027) z@D z@® zM | 201
HOPM 0.8893 | (—0.6672,—0.2472,0.7027) | zM z@D zD 97
Algorithm 3.1 | 0.8893 | (—0.6672,—0.2472,0.7027) | z@® [ z® [ zM | 104
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TABLE 4.2
The test results of Example 4.2.

Algorithm
SHOPM | HOPM | Algorithm 3.1
SR 0.4480 0.5940 0.8060
AIN | 11.2723 6.9798 11.9305
TABLE 4.3

The test results of Example 4.3 by Algorithm 3.1.

DIM | INVAL LVAL ALVAL | SR(%) | ACPU

3 —1.8301 —3.1699 —2.7520 100 0.0544
10 —5.6626 | —17.9066 | —15.9230 100 1.5278
30 —16.030 —87.799 —82.653 100 35.049

100 —51.192 | —511.916 | —499.885 100 910.111

We test 100 problems for both cases n = 3 and n = 10 and test 10 problems for
both cases n = 30 and n = 100. The numerical results are listed in the following
table, where DIM denotes the dimension of the tensor A, INVAL, and LVAL denote
the average initial value and average lower bound provided by Theorem 7.1 in [36],
respectively, ALVAL denotes the average value obtained by Algorithm 3.1, SR denotes
the success rate in the tested problems, and ACPU denotes the average CPU time
(in seconds) used by the trials. Here, a case is said to be successful if the solution
(M, 2@ 2G)T obtained by Algorithm 3.1 satisfies (1) = 2(2) = 2,

From Table 4.3, we can see that a Z-eigenvalue of the tensor A generated randomly
in Example 4.3 can always be obtained by Algorithm 3.1, since the obtained solution
always satisfies z(1) = 22 = 2®) for all test cases.

Final remark. Let A be an mth-order (ny X ng X -+ - X n,,)-dimensional tensor.
A can be decomposed as

A=Y D . gliom),
=1

where z(9) are nj-dimensional vectors and «; are numbers. Then the minimum value
of r is called the rank of A. When A is symmetric, ny = --- = n,, and A can be
decomposed as

A= ZT: o (2™,
i=1

where z(® are n-dimensional vectors and «; are numbers. The minimum value of r
is called the symmetric rank of A. It is conjectured by Comon et al. [2] that for a
symmetric tensor, its symmetric rank is the same as its rank. We call this conjecture
the symmetric rank conjecture.

Acknowledgments. The authors would like to thank Prof. Pierre Comon, the
associate editor, and the anonymous referees for their constructive comments and
suggestions which lead to a significantly improved version of the paper. One referee
of this paper pointed out that Theorem 2.1 can be regarded as the first step to prove
the symmetric rank conjecture.

Copyright © by STAM. Unauthorized reproduction of this article is prohibited.



Downloaded 03/05/18 to 221.238.246.42. Redistribution subject to SIAM license or copyright; see http://www.siam.org/journals/ojsa.php

820

2]

[3]

[4]

[5]

[7]
(8]
[9]
[10]
[11]

[12]

XINZHEN ZHANG, CHEN LING, AND LIQUN QI

REFERENCES

P. CoMoON, Blind channel indentification and extraction of more sources than sensors, in Pro-
ceedings of the Conference on Advanced Signal Processing, Architectures, and Implemen-
tations VIII, San Diego, 1998, pp. 2—13.

P. ComoNn, G. GoLuB, L.H. LiM, AND B. MOURRAIN, Symmetric tensors and symmetric tensor
rank, SIAM J. Matrix Anal. Appl., 30 (2008), pp. 1254-1279.

A. GHOSH, E. TSIGARIDAS, M. DESCOTEAUX, P. CoMON, B. MOURRAIN, AND R. DERICHE, A
polynomial based approach to extract the mazima of an antipodally symmetric spherical
function and its application to extract fiber directions from the orientation distribution
function in diffusion MRI, Computational Diffusion MRI Workshop, New York, 2008.

O. GRELLIER AND P. COMON, Analytical blind discrete source separation, in Proceedings of the
the European Signal Processing Conference, Tampere, Finland, 2000.

S. HE, Z. L1, AND S. ZHANG, Approzimation algorithms for homogeneous polynomial optimiza-
tion with quadratic constraints, Math. Program., 125 (2011), pp. 353-383.

E. Koripis AND P.A. REGALIA, On the best rank-1 approzimation of higher-order supersym-
metric tensors, SIAM J. Matrix Anal. Appl., 23 (2002), pp. 863-884.

T.G. KoLpa AND J.R. MAYO, Shifted power method for computing tensor eigenpairs, SIAM J.
Matrix Anal. Appl., 32 (2011), pp. 1095-1124.

S. LANG, Real and functional analysis, Grad. Texts in Math. 142, Springer-Verlag, New York,
1993.

J.B. LASSERRE, Global optimization with polynomials and the problem of moments, SIAM J.
Optim., 11 (2001), pp. 796-817.

J.B. LASSERRE, Polynomials nonnegative on a grid and discrete representations, Trans. Amer.
Math. Soc., 354 (2001), pp. 631-649.

L. DE LATHAUWER, First-order perturbation analysis of the best rank-(R1, R2, R3) approxima-
tion in multilinear algebra, J. Chemometrics, 18 (2004), pp. 2-11.

L. DE LATHAUWER, B.D. MOOR, AND J. VANDEWALLE, On the best rank-1 and rank-
(R1,Ra2,...,RN) approzimation of higher-order tensor, SIAM J. Matrix Anal. Appl., 21
(2000), pp. 1324-1342.

M. LAURENT, Sums of squares, moment matrices and optimization over polynomials, in Emerg-
ing Applications of Algebraic Geometry, IMA Volumes in Mathematics and its Applications
149, M. Putinar and S. Sullivant, eds., Springer, New York, 2009, pp. 157-270.

X.L. L1, A new gradient search interpretation of super exponential algorithm, IEEE Signal
Process. Lett., 13 (2006), pp. 173-176.

7Z.Q. LUO AND S. ZHANG, A semidefinite relazation scheme for multivariate quartic polynomial
optimization with quadratic constraints, SIAM J. Optim., 20 (2010), pp. 1716-1736.

H.M. MARKOWITZ, Portfolio selection, J. Finance, 7 (1952), pp. 77-91.

P. McCULLAGH, Tensor Methods in Statistics, Chapman and Hall, London, 1987.

J.G. MCWHRITER AND I.K. PROUDLER, Mathematics in Signal Processing V, Clarendon Press,
Oxford, UK, 2002.

J.J. MorE AND D.C. SORENSEN, Computing a trust region step, SIAM J. Sci. Statist. Comput.,
4 (1983), pp. 553-572.

Y. NESTEROV, Random Walk in a Simplex and Quadratic Optimization over Convexr Polytopes,
Catholic University of Louvain, Louvain-la-Neuve, Belgium, 2003.

G. NI AND Y. WANG, On the best rank-1 approximation to higher-order symmetric tensor,
Math. Comput. Modelling, 46 (2007), pp. 1345-1352.

Q. N1, L. Q1, AND F. WANG, An eigenvalue method for testing positive definiteness of a mul-
tivariate form, IEEE Trans. Automat. Control, 53 (2008), pp. 1096-1107.

J. NIE, Sum of squares methods for minimizing polynomial forms over spheres and hypersur-
faces, Frontiers of Mathematics in China, 7 (2012), pp. 321-346.

P.A. PARRILO, Semidefinite programming relazations for semialgebraic problems, Math. Pro-
gram., 96 (2003), pp. 293-320.

L. Q1, Extrema of a real polynomial, J. Global Optim., 30 (2004), pp. 405-433.

L. Q1, Eigenvalues of a real supersymmetric tensor, J. Symbolic Comput., 40 (2005), pp. 1302—
1324.

L. Q1, The best rank-one approzimation ratio of a tensor space, SIAM J. Matrix Anal. Appl.,
32 (2011), pp. 430—-442.

L. Q1, Z. WAN, AND Y.F. YANG, Global minimization of normal quadratic polynomials based
on global descent directions, STAM J. Optim., 15 (2004), pp. 275-302.

L. Q1, F. WANG, AND Y. WANG, Z-eigenvalue methods for a global polynomial optimization
problem, Math. Program., 118 (2009), pp. 301-316.

Copyright © by STAM. Unauthorized reproduction of this article is prohibited.



Downloaded 03/05/18 to 221.238.246.42. Redistribution subject to SIAM license or copyright; see http://www.siam.org/journals/ojsa.php

THE BEST RANK-1 APPROXIMATION OF A SYMMETRIC TENSOR 821

[30] P.A. REGALIA AND E. KOFIDES, Monotonic convergence of fized-point algorithms for ICA,
IEEE Trans. Neural Networks, 14 (2003), pp. 943-949.

[31] A. M-C. So, Deterministic approzimation algorithms for sphere constrained homogeneous poly-
nomial optimization problems, Math. Program., 129 (2011), pp. 357-382.

[32] S. SOARE, J.W. YOON, AND O. CazAcu, On the use of homogeneous polynomials to develop
anisotropic yield functions with applications to sheet forming, Internat. J. Plasticity, 24
(2008), pp. 915-944.

[33] A.J. VAN DER VEEN AND A. PAULRAJ, An analytical constant modulus algorithm, IEEE Trans.
Signal Process., 44 (1996), pp. 1136-1155.

[34] V. ZARz0sO AND P. COMON, Robust independent component analysis by iterative mazimization
of kurtosis contrast with algebraic optimal step size, IEEE Trans. Neural Networks, 21
(2010), pp. 534-550.

[35] T. ZuAaNG AND G.H. GOLUB, Rank-1 approzimation of higher-order tensors, SIAM J. Matrix
Anal. Appl., 23 (2001), pp. 534-550.

[36] X.Z. ZuANG, L. Q1, AND Y. YE, The cubic spherical optimization problems, Math. Comput.,
81 (2012), pp. 1513-1525.

Copyright © by STAM. Unauthorized reproduction of this article is prohibited.




<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles true
  /AutoRotatePages /None
  /Binding /Left
  /CalGrayProfile (Dot Gain 20%)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (U.S. Web Coated \050SWOP\051 v2)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Error
  /CompatibilityLevel 1.4
  /CompressObjects /Tags
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJobTicket false
  /DefaultRenderingIntent /Default
  /DetectBlends true
  /DetectCurves 0.0000
  /ColorConversionStrategy /CMYK
  /DoThumbnails false
  /EmbedAllFonts true
  /EmbedOpenType false
  /ParseICCProfilesInComments true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 1048576
  /LockDistillerParams false
  /MaxSubsetPct 100
  /Optimize true
  /OPM 1
  /ParseDSCComments true
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage true
  /PreserveDICMYKValues true
  /PreserveEPSInfo true
  /PreserveFlatness true
  /PreserveHalftoneInfo false
  /PreserveOPIComments true
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts true
  /TransferFunctionInfo /Apply
  /UCRandBGInfo /Preserve
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /CropColorImages true
  /ColorImageMinResolution 300
  /ColorImageMinResolutionPolicy /OK
  /DownsampleColorImages true
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 300
  /ColorImageDepth -1
  /ColorImageMinDownsampleDepth 1
  /ColorImageDownsampleThreshold 1.50000
  /EncodeColorImages true
  /ColorImageFilter /DCTEncode
  /AutoFilterColorImages true
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /ColorImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasGrayImages false
  /CropGrayImages true
  /GrayImageMinResolution 300
  /GrayImageMinResolutionPolicy /OK
  /DownsampleGrayImages true
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 300
  /GrayImageDepth -1
  /GrayImageMinDownsampleDepth 2
  /GrayImageDownsampleThreshold 1.50000
  /EncodeGrayImages true
  /GrayImageFilter /DCTEncode
  /AutoFilterGrayImages true
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /GrayImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasMonoImages false
  /CropMonoImages true
  /MonoImageMinResolution 1200
  /MonoImageMinResolutionPolicy /OK
  /DownsampleMonoImages true
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 1200
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.50000
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /CheckCompliance [
    /None
  ]
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile ()
  /PDFXOutputConditionIdentifier ()
  /PDFXOutputCondition ()
  /PDFXRegistryName ()
  /PDFXTrapped /False

  /CreateJDFFile false
  /Description <<

    /BGR <>
    /CHS <FEFF4f7f75288fd94e9b8bbe5b9a521b5efa7684002000410064006f006200650020005000440046002065876863900275284e8e9ad88d2891cf76845370524d53705237300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c676562535f00521b5efa768400200050004400460020658768633002>
    /CHT <FEFF4f7f752890194e9b8a2d7f6e5efa7acb7684002000410064006f006200650020005000440046002065874ef69069752865bc9ad854c18cea76845370524d5370523786557406300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c4f86958b555f5df25efa7acb76840020005000440046002065874ef63002>
    /CZE <>
    /DAN <>
    /DEU <>
    /ESP <>
    /ETI <>
    /FRA <>
    /GRE <>

    /HRV (Za stvaranje Adobe PDF dokumenata najpogodnijih za visokokvalitetni ispis prije tiskanja koristite ove postavke.  Stvoreni PDF dokumenti mogu se otvoriti Acrobat i Adobe Reader 5.0 i kasnijim verzijama.)
    /HUN <>
    /ITA <>
    /JPN <FEFF9ad854c18cea306a30d730ea30d730ec30b951fa529b7528002000410064006f0062006500200050004400460020658766f8306e4f5c6210306b4f7f75283057307e305930023053306e8a2d5b9a30674f5c62103055308c305f0020005000440046002030d530a130a430eb306f3001004100630072006f0062006100740020304a30883073002000410064006f00620065002000520065006100640065007200200035002e003000204ee5964d3067958b304f30533068304c3067304d307e305930023053306e8a2d5b9a306b306f30d530a930f330c8306e57cb30818fbc307f304c5fc59808306730593002>
    /KOR <FEFFc7740020c124c815c7440020c0acc6a9d558c5ec0020ace0d488c9c80020c2dcd5d80020c778c1c4c5d00020ac00c7a50020c801d569d55c002000410064006f0062006500200050004400460020bb38c11cb97c0020c791c131d569b2c8b2e4002e0020c774b807ac8c0020c791c131b41c00200050004400460020bb38c11cb2940020004100630072006f0062006100740020bc0f002000410064006f00620065002000520065006100640065007200200035002e00300020c774c0c1c5d0c11c0020c5f40020c2180020c788c2b5b2c8b2e4002e>
    /LTH <>
    /LVI <>
    /NLD (Gebruik deze instellingen om Adobe PDF-documenten te maken die zijn geoptimaliseerd voor prepress-afdrukken van hoge kwaliteit. De gemaakte PDF-documenten kunnen worden geopend met Acrobat en Adobe Reader 5.0 en hoger.)
    /NOR <>
    /POL <>
    /PTB <>
    /RUM <>
    /RUS <>
    /SKY <>
    /SLV <>
    /SUO <>
    /SVE <>
    /TUR <>
    /UKR <>
    /ENU (Use these settings to create Adobe PDF documents best suited for high-quality prepress printing.  Created PDF documents can be opened with Acrobat and Adobe Reader 5.0 and later.)
  >>
  /Namespace [
    (Adobe)
    (Common)
    (1.0)
  ]
  /OtherNamespaces [
    <<
      /AsReaderSpreads false
      /CropImagesToFrames true
      /ErrorControl /WarnAndContinue
      /FlattenerIgnoreSpreadOverrides false
      /IncludeGuidesGrids false
      /IncludeNonPrinting false
      /IncludeSlug false
      /Namespace [
        (Adobe)
        (InDesign)
        (4.0)
      ]
      /OmitPlacedBitmaps false
      /OmitPlacedEPS false
      /OmitPlacedPDF false
      /SimulateOverprint /Legacy
    >>
    <<
      /AddBleedMarks false
      /AddColorBars false
      /AddCropMarks false
      /AddPageInfo false
      /AddRegMarks false
      /ConvertColors /ConvertToCMYK
      /DestinationProfileName ()
      /DestinationProfileSelector /DocumentCMYK
      /Downsample16BitImages true
      /FlattenerPreset <<
        /PresetSelector /MediumResolution
      >>
      /FormElements false
      /GenerateStructure false
      /IncludeBookmarks false
      /IncludeHyperlinks false
      /IncludeInteractive false
      /IncludeLayers false
      /IncludeProfiles false
      /MultimediaHandling /UseObjectSettings
      /Namespace [
        (Adobe)
        (CreativeSuite)
        (2.0)
      ]
      /PDFXOutputIntentProfileSelector /DocumentCMYK
      /PreserveEditing true
      /UntaggedCMYKHandling /LeaveUntagged
      /UntaggedRGBHandling /UseDocumentProfile
      /UseDocumentBleed false
    >>
  ]
>> setdistillerparams
<<
  /HWResolution [2400 2400]
  /PageSize [612.000 792.000]
>> setpagedevice


